Introduction
The landscape of vacua in string theory has had a great impact on the way we perceive string theory as a potential description of nature. It challenges the idea that dynamics spontaneously selects the universe we live in, neutralising the relevance of naturalness questions, and even predicts the existence of multiverse [1] . A logical consequence, the prospect of the anthropic principle [2] , has generated heated debates for and against it within and outside the string theory community. The existence of the landscape, 'discretuum' of vacua, was first conceived and suggested by Bousso and Polchinski in [3] , and it has come to fruition in the work of KKLT [4] who, for the first time, put foward the construction of (Anti-)dS vacua with all moduli fixed, building on the preceded work by Giddings, Kachru and Polchinski (GKP) [5] . 1 The KKLT construction of dS vacua starts from GKP's Minkowski vacua with all but
Kähler moduli fixed and proceeds in two steps: (1) Adding D7-or Euclidean D3-branes wrapping a four-cycle in the CY 3-fold which induce nonperturbative (NP) corrections to the potential and in effect stabilise the Kähler moduli at AdS vacua and (2) adding anti D3-branes to break supersymmetry (SUSY) and uplift the minima of the potential to meta-stable dS vacua with all moduli fixed. By taking these steps as opposed to all-at-once approaches, this uplifting scenario is advantageous in the sense that it clarifies the physical origin of the SUSY breaking while ensuring the meta-stability of dS vacua and thus makes the existence of the vast landscape plausible [8] . It is a virtue of the illuminating two-step construction that a few simple appealing variants have been subsequently proposed: (1) Burgess, Kallosh and Quevedo (BKQ) replaced anti D3-branes in the second step by magnetised D7-branes which yield the D-term SUSY breaking and purportedly uplift the potential to meta-stable dS vacua [9] . (2) Balasubramanian and Berglund (BB) put forward an uplifting mechanism without SUSY breaking D-branes instead by the leading α correction to the Kähler potential on top of the NP effects [10] which was later refined by Westphal [11] .
(3) Brustein and de
Alwis advocated the racetrack model in which multiple NP potentials are added by turning on discrete Wilson lines to split wrapped D7-branes with gaugino condensation into multiple clusters, while manifest SUSY breaking D-branes are absent and α corrections to the Kähler potential are negligible [12] . (4) BB, Conlon and Quevedo provided a systematic way to construct meta-stable dS vacua compactified on exponentially large volume Calabi-Yau manifolds. Both the racetrack potential and α corrections to the Kähler potential are included in conjunction with the KKLT or BKQ uplift [13] .
In this paper we focus on the uplifting scenarios with manifest SUSY breaking D-branes, namely, KKLT's anti D3-and BKQ's magnetised D7-branes. Although these uplifting scenarios seem to be rather compelling, they have been under scrutiny over the years. One line of scrutiny comes from the consistency with the 4d N = 1 SUGRA description. This issue, however, has been resolved in [14] for the anti D3 uplift and in [15, 16] for the BKQ scenario. In the latter case refinements are needed either by retracting NP effects and adding instead α and string loop corrections to the Kähler potential [15] or by adding light U (1) charged matter to the magnetised D7-branes in such a way as to render the NP potential invariant under the shift symmetry [16] . Even though both scenarios appear to break SUSY explicitly, they can be realised as spontaneous SUSY breaking in the 4d N = 1 SUGRA description hence without the consistency issue. Another line of scrutiny is specific to the anti D3 uplift and asks if the backreaction of anti D3-branes actually leads to the warped 4d dS space in type IIB flux backgrounds [17] . (See also [18, 19] .) This issue has been studied locally in the Klebanov-Strassler (KS) throat, which is the prototypical flux background [20] , without the NP effects, as they are not essential to this issue. It was found that the backreaction of anti D3-branes develops singular 3-form fluxes and thus appears to infringe KKLT's uplifting scenario. Even if anti D3-branes puff up into NS5-branes via the mechanism suggested by Kachru, Pearson and Verlinde (KPV) [21] , it was argued in the last paper of [17] that a perturbative instability is present as opposed to KPV's claim, posing the challenge to the anti D3 uplift. Meanwhile, it is well-known that dS vacua, irrespective of the KKLT construction, are hard to realise in string theory first and foremost due to the constraint spelled out by Gibbons, Maldacena and Nuñez (GMN) [23, 24] . The stringy effects, notably, orientifold planes and other (higher derivative) α corrections as well as loop corrections, can in principle circumvent GMN's no-go argument against dS vacua. However, evidence so far has been challenging the existence of dS vacua in heterotic, type II and M theories [25] [26] [27] [28] [29] .
The common approach to the KKLT flux compactification is to utilise the 4d effective N = 1 supergravity (SUGRA) description. In simplest circumstances, as demonstrated by GKP [5] , the 4d effective theory can be derived from type IIB SUGRA by dimensional reduction. However, Einstein's equations of the 4d effective theory are only a part of type IIB SUGRA equations. Not only do they have to be supplemented by the tadpole cancellation condition, but it is also important to take into account the GMN constraint [23, 24] . In particular, we wish to shed light on the fact that it is not enough to evade their no-go theorem in order to realise dS vacua and, especially, the uplifting scenarios to dS vacua are in serious tension with the GMN constraint. This is along the line of claims made in [25] [26] [27] [28] [29] . Our work can be thought of as a paraphrasing of [27] and makes more manifest contact with the 4d effective SUGRA approach commonly exploited in the majority of the literature on KKLT and landscape. It can also be regarded as an emphasis on the use of consistent truncation in the spirit of [29, 30] 
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The organisation of the paper is as follows. In section 2 we review and elaborate on the link between the 4d effective theory and the type IIB SUGRA. In particular, we elucidate how the (trace of) Einstein's equations in the 4d effective theory can be extracted from type IIB SUGRA equations. In section 3 we discuss the two constraints advertised in the abstract.
Based on these two constraints, we argue that the uplifting scenarios for dS vacua pose a serious obstacle to the evasion of GMN's no-go theorem. We briefly summarise the results and make short discussions in section 4.
The 4d effective SUGRA and type IIB equations
The main purpose of this section is to link the 4d effective SUGRA approach with the 10d type IIB SUGRA in flux compactifications. Since it has been over a decade since KKLT, their link has obviously been known. Nevertheless, we feel that the 4d effective theory has been trusted in isolation more than it is credited, and we wish to underscore the importance of the constraints imposed by the type IIB equations to be taken into account. We hope that our presentation here elucidates this point.
The 4d effective SUGRA equations
The 4d effective N = 1 SUGRA theory is specified by the superpotential W and the Kähler potential K in terms of which the scalar potential takes the form:
where κ 
where ρ is the Kähler modulus whose imaginary part Imρ ∝ R 4 CY with R CY being the CY radius, τ = C 0 + ie −φ is the axio-dilaton field with the RR 0-form field C 0 and the dilaton φ, and Ω is the holomorphic (3, 0) form on the CY 3-fold which depends on the complex structure moduli. In this paper we restrict ourselves to the case with one Kähler modulus for brevity, but it is straightforward to generalise it to the multi-moduli case. Meanwhile, the superpotential W is related to the RR and NSNS 3-form field strengths F 3 = dC 2 and
where
Moreover, the scalar potential can be identified with
whereg mn and y m 's are the metric and coordinates of the CY 3-fold, respectively. T 3 is the D3-brane tension, and ρ loc 3 is the D3 charge density from localised sources. This was derived in [5] when the warp factor A, to be defined in (2.6), is constant and the RR 5-form field
B 2 ∧ F 3 is absent in the type IIB background.
In the following we shall only be interested in the trace of Einstein's equations. To this end we note the trace of Einstein's equations of the 4d effective theory:
where R 4 is the Ricci scalar of the 4d spacetime and G N is 4d Newton's constant. The positive minima of the potential V imply the existence of (meta-)stable dS vacua. As mentioned in the introduction, KKLT provided a way to construct such vacua: First, by adding a NP potential W np ∝ e iaρ , with a being constants, induced either by Euclidean D3-branes or gaugino condensation on D7-branes wrapping a 4-cycle in the CY 3-fold, the potential V develops negative minima yielding SUSY AdS vacua. Then by further adding anti D3-branes V D3 ∝ 2T 3 /(Imρ) 3 and breaking SUSY, the minima of the potential can be raised to positive values uplifting the AdS vacua to dS vacua.
In the next sections we first derive the trace of 4d Einstein's equations (2.5) from the type IIB SUGRA equations and then study it in conjunction with the GMN constraint.
The type IIB equations
As alluded to in the previous section, we are concerned with warped compactifications on Calabi-Yau (CY) 3-folds with the ansatz [5] :
where Greek letters are used for the 4d spacetime µ, ν = 0, 1, 2, 3, whereas Latin letters for the 6d internal space m, n = 5, · · · , 9. The capital Latin letters M, N collectively denote the indices for the 4d spacetime and the 6d internal space. The metric g µν is that of the 4d spacetime, whereas the metricg mn is that of the CY 3-fold. The warp factor A(y) only depends on the coordinates y m of the internal space.
The 10d Einstein's equations are given by
where R M N is the Ricci tensor constructed from the metric G M N and the energy-momentum (EM) tensor T M N has contributions from the 3-form G 3 = F 3 − τ H 3 , the 5-formF 5 =
B 2 ∧ F 3 and the axio-dilaton τ . The 5-form is taken to be of the form
As given in [5] , the trace of the 4d spacetime components yields
where R 4 is the Ricci scalar for the unwarped 4d metric g µν , (T M N ) loc is the energy-momentum tensor of the local sources and a tilde denotes use of the metricg mn (e.g., ∂ m = e 2A ∂m). This equation, when integrated over the CY 3-fold, gives rise to the constraint derived by GMN.
In the meantime, the trace of the 6d internal space components yields
We now wish to relate these two equations to the trace of Einstein's equations (2.5) in the 4d effective theory. As it turns out, one needs to consider the linear combination (2.9)−3×(2.10) of these two equations. This yields
where V is the scalar potential density defined in (2.4). Since the EM tensor of the localised sources takes the form T
, where Σ p−3 is the (p − 3)-cycle of the CY 3-fold which a p-brane wraps and N p is the number of (anti-)Dp-branes and Op-planes, its trace is given by (T
Integrating this equation over the CY 3-fold when the warp factor A is approximated by a constant, 5 one indeed finds (2.5) with a suitable generalisation which includes localised D-brane and O-plane sources, the 5-form flux and the axio-dilaton contributions: 
3 considered in KKLT.
The constraints on the uplifts to dS vacua
To elucidate how the GMN constraint [23, 24] might obstruct the uplifting scenarios, we shall have a closer look at the two equations (2.9) and (2.11) in the type IIB SUGRA. Upon integration over the CY 3-fold, the former leads to the GMN constraint, whereas the latter, as elaborated above, yields the (trace of) Einstein's equations (2.12) in the 4d effective N = 1 SUGRA. As given in [5] from (2.9), the GMN constraint reads is the (partial) trace of the 10d EM tensor for the localised sources over the 4d spacetime and, using (T
In order to discuss how constraining the GMN constraint (3.1) may be for the uplifting scenarios, instead of considering the 4d equation in the form (2.12), it is more convenient to integrate (2.11) to
where we introduced the notation T loc for the localised source contributions given by
On top of these constraints, one needs to take into account the tadpole cancellation condition
10 T 3 Q loc 3 = 0, which follows from the 5-form Bianchi identity, and the 3-form and the axio-dilaton equations. However, these latter equations are not of our focus in this paper.
We now focus on the two constraints, the GMN constraint (3.1) and the 4d theory constraint (3.3), and discuss them in view of the uplifting scenarios of KKLT and BKQ. It is assumed that the dilaton is fixed at a weak coupling value and the Kähler modulus at a large radius so that the perturbative description and the α derivative expansion make sense. First, we can incorporate the NP effects, α and loop corrections by shifting the potential V:
Note that depending on which sources these corrections originate from, they generally dif- by the same amount
In the case that D7-branes and O7-planes induce D3 charges via the CS couplings, their effects are incorporated through the D3 charge density ρ and T loc due to higher curvature α corrections to the DBI action of D7-branes and O7-planes.
In the first step of KKLT, since the vacua are AdS, the 4d Ricci scalar R 4 is negative.
Thus the two constraints require that
In particular, the NP potential V np is the contribution which drives down the minima of the potential to negative values. Irrespective of the details of how these two conditions are realised, assuming that they are satisfied, we now ask if adding anti D3-branes can uplift the AdS vacua in consistent with the two constraints. We first note that (anti-)D3-branes as well as O3-planes make same contributions to T loc 4
and T loc , as one can see from (3.2) and (3.4).
This implies that the anti D3-branes increase both of them by the same amount
where y i collectively denotes the locations of anti D3-branes. In accordance with KKLT's 4d effective theory analysis, this contribution can uplift the potential to achieve
However, provided that the anti D3-branes energy is the dominant source of the change, it seems impossible to satisfy the GMN constraint (3.1), since (3.6) and (3.8) together yield + e −4A ( ∇α) 2 > 0 (3.10) which implies a negative cosmological constant, R 4 < 0, in contradiction with the positive cosmological constant (3.9). In the case of the BKQ D-term uplift, we consider the refined version [15] in which the NP potential is absent and instead α and loop corrections are present. 7 As in the KKLT construction, it starts with AdS vacua and thus the two constraints again require that 
(suppressing the Kähler modulus ρ dependence), while the potential V remains the same.
Thus, in accordance with BKQ's 4d effective theory analysis, the magnetised D7-brane can uplift the potential to achieve
However, provided that the magnetised D7-brane D-term energy is the dominant source of the change, it seems again impossible to satisfy the GMN constraint: 14) which is again in contradiction with the positive cosmological constant (3.13).
In hindsight these results may have been anticipated more evidently, as a different linear combination of the two trace equations (2.9) − (2.10) reads
where the localised source contributions only come from (T m m ) loc to which gauge fluxes on D7-branes do not contribute. Note that there are NP and α + g s corrections present on the RHS, but we omitted them just to focus on the following point. Neither do anti D3-branes nor the magnetised D7-brane D-term contribute directly to the 4d cosmological constant, hence the uplifts may be inhibited.
The case of non-Ricci flat 6d manifolds
It could happen that the 6d compact manifolds cannot be Ricci flat,R 6 = 0, for one reason or another, in particular, in the presence of D7-branes and O7-planes and thus fail to be CY [33] .
This affects the internal components of the Einstein's equations and adds the 6d curvature contribution to (2.10):
This change is reflected in (3.15) as
The presence ofR 6 , however, has little significance to the above arguments for the challenge the uplifts face: We start with SUSY AdS vacua for which R 4 < 0. Regardless of the presence ofR 6 , what matters in the uplifting scenarios is whether anti D3-branes or the magnetised D7-brane can increase R 4 to a positive value or not. As we have just seen, the answer to this question is negative. These considerations suggest that the uplifting scenarios obstruct the evasion of GMN's no-go theorem more strongly than one might have assumed.
Discussions
We revisited the issue of uplifting the potential to dS vacua in type IIB flux compactifications of KKLT. We shed light on some tension between two constraints on dS vacua in type IIB string theory. One is the well-known GMN's no-go theorem that can by itself be evaded. The other follows from the (generalisation of) Einstein's equations in the 4d effective theory which has, however, been hardly discussed in connection with the GMN constraint. We argued that the Einstein's equations of the 4d effective theory are only a part of type IIB equations and emphasised the importance of the GMN constraint to be taken into account on top of the tadpole cancellation condition. In particular, in addition to the challenges previously posed, it is suggested that the uplifting scenarios obstruct the evasion of the no-go theorem more invincibly than one might have assumed.
In order for dS vacua to exist, from (3.1) and (3.3) withR 6 included, the following two constraints need to be satisfied: More properly, these constraints should be considered in the integrated form.
Our statements are restricted to the brane-based uplifting scenarios in which the second constraint can be satisfied, but it is very hard, if not impossible, to simultaneously obey the first GMN constraint. It is weaker than to claim that these two constraints can never be compatible with each other, but without uplifting mechanisms it is much harder to look for meta-stable dS vacua consistent with both constraints.
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In this connection, we would like to end our discussions with a comment on the search for dS vacua at V > 0 without uplifts in the no-scale model such as the work [39] . For this class of dS vacua (whose Kähler moduli yet to be fixed), we first note that the GMN constraint (4.1) seems to be violated, even though the 4d theory constraint (4.2) is fulfilled. With the understanding that the constraints are integrated over 6d manifolds, this statement withstands even in the presence of D7-branes and O7-planes when the 7-branes tadpole cancellation is properly taken into account. However, the emphasis should be given to the fact that these vacua are meta-stable local minima with the complex structure and the dilaton moduli fixed. This might suggest a construction of dS vacua reversing the two steps in the KKLT construction: Starting with these tentative dS vacua, the addition of NP potentials and/or α + g s corrections could in principle render the GMN constraint (4.1) consistent, while the Kähler moduli settle to fixed values and the complex structure and the dilaton moduli undergo only small shifts. Although the cosmological constants would be reduced from those of the tentative dS vacua, they could remain positive, providing in principle putative meta-stable dS vacua.
